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Euler and Taylor means of the Fourier series for functions in the class Lip (1.

o< a < I. have been studied by several authors. In this notc. the orders of approx
imation to functions.r in this class by either the Euler (E. I )-means or the Taylor
means are shown to be of the Jackson order provided that. in each case. a suitable
integrability condition is imposed upon the function

'PAl) = 1jf(x c I) - 2/(x) tI(x- 1)1·

PART I

Introduction

Several fundamental properties of (E, q) summability have been discussed
in Hardy 121, Knopp 151, Prachar and Schmetterer [71. and Bollinger II I·
Lorch 161 has discussed the Lebesgue constants for (E. I) summability in
1950. Sufficient conditions for Euler summability were studied by Holland et
al. 141 in 1975. The degree (order) of approximation by (E. q) means has
been discussed by Holland and Sahney [31 in 1976.

For the case q ~ I, a very precise upper bound will be determined for
the degree of approximation by Euler means of the Fourier series for
functions fE Lip a, 0 < a < 1. The L, norm of the kernel K".l of this
summability method has been studied by Lorch 161. and since its order is
(2/n 2 )(Iog n f O( 1)) there is no hope to obtain the Jackson order for the
error using (E, 1)-means, without imposing further conditions.

/. Let /E L(-n, n) and be 2n-periodic. Let the Fourier series associated
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with [ be given by SeX) = L~ce cme imX , and its nth partial sum be
Sn(x) = L:~ -n cmeimx. For each x, write

qiAt):= ~ {[(x + t) - 2[(x) +[(x - t)~. (1.1)

Also, for each q> 0, let Tn.q= Tn.q(f; . ) be the Euler (E, q)-means of S.
That is,

T ()._ I <, (n) n-ms ( )
n,q X .- (I +qt m-;;;O m. q m X .

LEMMA 1.3.

where

. (B t )SIn n +-
(
q2+2qCost+l)nI2 t 2

K (t)-n.q - 2 + 2 + 1 tqq.
SIn

2

and Bt E (-Jr, Jr) is uniquely determined by the following relationships:

(1.2)

(1.4 )

In particular,

sgn ()t = sgn t,

(
n + I)sin-

2
- t

. t
SIn

2

(see Hardy 121). (1.5 )

Furthermore, the error [unction in approximating [by Tn.q(f; . ) is given by

( 1.6)

Proof It is well known that S m can be obtained by taking the
convolution of[with the Dirichlet kernel:

(1.7)
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Hence we have

1'~ \ 1 "( II 'T I) I /1) \ ' ) q" '"
",q\X = ~, ~ \X - [ I' (I +q)"

H , n~o in,

'" I\' )'h'( \ dl.
,/I

( 1.8 )

However, we have, for ['* 0 and I[I ~ n,

(
n l I --- r illl

! I -- e IIII! j
rn ) q" '" I +elf -~~I' i e i'I~;_("'1= __1__ \'

(I + q)" ,,0;-0

I "', \. (II) q" '"
- (1 + q)" ';'-0 m,

[

, ..(~)i_''_'t- eIII" ." __e_'_1_ e

2/ sin - 2/ sin
2 2

'"" ]
q"
---1m lei' '(1 -t- q

, /
(l+q)"SInT

'e")" I.

By simple geometry (cf. Fig, 1), this expression can be written as

1.. , f = q" (I + 2q' 1 cos t + q 2 ),,2 sin ( nOt -+ ~)
(1 + q)" sin+

. (' [ )" Sin nO +-
(
q. + 2q cos [ + I )": .. , __,__' _~:= K (I

, q2 + 2q -+- I . t "'(/' )
Sin -

2

eit

- - -etC"
/ ./ I

/ / I

/ / I
I/'I

/ /' /

~./
t-8t ~//'_---'--t--

o

F1Cil'RF I
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with sin 0t=q sin(t-Ot), sgnOt=sgnt, and lOti <t";;n. In particular, if
q = I, then 0t = t12, so that

sin (_n_+
2
_1 ) tn' t

K = ( 1 + cos t )n/2 ( )
n.1 2 --.--t--= cos 2 .

SIn
2

Next, we also have

(
n + 1 )

sin -2-. t

, t
SIn-

2

1·"
= 2n t [f(x+t)-2f(x)+f(x-t)IKn,q(t)dt

I ,"=-1 If(x+t)+f(x-t)IKn.q(t)dt
4n ._"

1·"
- f(x) 2iL" Kn.q(t) dt

= Tn.q(x) - f(x). I

2. We now study the order of approximation of functions fE: Lip a.
o< a < 1, by the Euler (E, 1) means of the Fourier series. We demonstrate
in the following theorem that whereas the order of approximation to
functions in Lip a, by their Fourier series, is O(log nina), the order of
approximation by (E, 1) means of their Fourier series can be reduced to
O(lln"') provided that a certain integrability condition is imposed upon rpxCt).
This gives the optimal order of approximation using Euler (E, 1)-means.

We have the following theorem:

THEOREM 2.1. IffE Lip a, 0 < a < 1, is 2n-periodic, and

dt";; Mn- a (2.2)

for all x, then

(2.3 )
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where
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is the Euler (E, 1)-means of the Fourier series for f

Proof Using the (E, 1)-means of the Fourier series for J, we have

where we write an = (271/n) and bn= (271/n)l!, a/(a + 1) (fJ < 1/2. Now,

n,Un

(-. Mit" dt
4 '·0

M
--~ (271)"" n "
4( 1 + a)

where If(x) ~ f(x + t)1 (Mn ",0 (M < 00. Thus,

IpII = O(n ").

Also,

I 1 2 Ion l!Px(t)lj n (t) . (n+l)tl dPl (- -- cos - Sill t
. 71 ' b" t , 2 2

( 1 (' 271 ) /1 I .n
= O(n

ll
) cos" 12- n 1.!n,,!IfJ)t)!dt

(
' I 2 21l

. 71 21l ) 11

= O(n ll
) 1 - 4-n~21J;;--
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and since 213 - 1 < 0,

29

The study of Pz IS more complicated and requires the following
calculations. We have

2 r
bn rpx(t) n t . (n + I) t d

npz = --cos -SIn t
'U t 2 2

n sin-
2

r
hn rpx(t) nt, (n+ I)t d= --cos -SIn t

"U ,t 2 2
n SIn-

2

j
'bn-U n rpx(t + an) n (t +an) . (n + 1) t- cos -- SIn dt

'0 ,(t + an) 2 2
SIn 2

l
,hnrpxCt)-rpxCt+an) n t . (n+l)t

d= cos -SIn 2 t
'U t 2

n sin-
2

rbnrpx(t+an)l n t n(t+an)J' (n+I)ld+ cos - - cos -- SIn t
'a ,t 2 2 2

n SIn- '
2

X [_1_ _ 1 ] sin (n + 1) 1 dt
,I ,(I + an) 2

SIn- SIn---
2 2

I
ran rpx(t+an) n (t+a n) . (n + 1)1- cos -- SIn dt

,() . (t+a n) 2 2
SIn 2

j
.bn rpx(t + a,J n (l+a n) . (n+ 1)1+ cos -- SIn dl

"hn-a n . (t+a,J . 2 2
SIn ---::---

2
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Now,
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,.h n

IIli ~ j
• (1 n

I47A/) 47 x (l + an )1 dl
. I

sm ---
2

and

~Mn II

.

,..h n47 (t+an)t II, = I .\ cos Il -

- • all . I 2
sm-

2

Il (I-ta ll ) j . (n i 1)1cos --- sm ._----- dl
. 2 _ 2

1

1>" 47 (I + a ) n _I ¢/ . ¢/ . (n + I) I d
= X Il -cos" -sm-sm I

'a, . I 2 2 2 2 .
, sm-. 2

where t < ¢/ < t + (2nln) < 21. Thus

J[ 2,h ll

~ -- M \ (I + all)" dl
2 ·'Cll!

=O(b~+O)=O(n :\11101)

= O(n 0).

Also.

.hl!

II31~1 l47 x(l+a,J[
" an . I

sm-
2

----- dl
. I + an
sm--

2

- I-I>" an liPJt-t all)i d
~ ---- I

·u" 2 . I . I + all
sm-sm--

2 2
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so that

Illla;a~Ma~-a rbn
(t+ant dt

"a" t(t+an)

.b" dt
=M I I_a

"an t en + 1 )

.£ dt

~M.I (t ')1 a
II" t -+ I

an

.f I
- M I dt < 00.
- "1 t(t + 1) 1 -a

Consequently,

Also,

.2a" lip (t)1 nt
1 / 41 ~ Jr I -'_x--dt

. a" t 2

= 0(n(2a,Y +a)

= O(n a).

Finally,

I/I -I,·b" (lpAt+an) n(t+an ) . nt,')dI - , cos -- - SIn - t
. . b" a" "t + an ,2. 2

SIn--2 .

~Mran(t+bn)a 'dt
'0

However,

(a + b )" - ba = ba \ (I + an) a_I I
n n n n) bn. \

a \ an
~bn 11 + a -- 1

bn

_ a (an ') 1 a
a~:

bn

31
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Thus,

Combining /1 .... ' Is we have

CHUI AND HOLLAND

115 1 = O(n ").

P2=0(n-"), o<u<1.

Consequently, combining PI' P2 and PJ' we obtain

£",1(/) = O(n "),

which was to be proved. I
3. Remark: (l) Large "0" in (2.3) can be replaced by small "0", if the

corresponding change is made in (2.2).

(2) For q * 1 and >0, the simple estimates in our proof give the weaker
result due to Singh 181 in Lemma 1.3, viz.,

(T".q --f)(x) = O(n"/2).

PART II

1. Let 1a"k ~ be a matrix defined by

and n taking only non-negative integer values.
We study, in this section, 2n-periodic functions fE L \0,2nl with a

Fourier representation

f(x):::::: \' (a"cosnx+h"sinnx)== \' A,,(x),
nc-O n ()

and we let (flx(t) = 11f(x + t) - 2f(x) +f(x - t)f·

DEFINITION 1.1. A given sequence js k ~ b" is said to he Taylor summahle.
if

f

a~,= \' a"kSk
k 0

tends to a limit as n ~ 00. where °~ r < I.
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Several authors, namely, Ishiguro [12], Lorch and Newman [131, and
Forbes [10], have studied this method of summability. In 1979, Holland et
al. IIII found a criterion for Taylor summability of Fourier series.

Let us write w=e2iU and l_rei2u=pe-WI. Then

\ ' . ( )_ ank Sin 2k + 1 u
k 0

= 1m ) ( I ~ r )n~.l ei(2f1IIIU
e

i2ifltllfl(

1 fI-l· [ II
= ( ~ r ) sin i (n + I) 2(u + B) - n: I J \ .

However, writing Sk to be the kth partial sum of the Fourier series for f we
have

Sk-S=~I'~ I.fJx(t) sin (k+-
2

1
)' tdt:

J[ ~o . t .
Sin -

2
thus.

1(I_r)fltl'~I.fJ(t) [ t I= - .---- I _x- sin . (n + I)(t + B) - - (n + I). dt.
J[ p '0. t 2

Sln-
2

where now 1- re it =pe- iO .

2. We now have the following theorem:

THEOREM 2.1. If fE Lip a, 0 < a < I, is 2J[-periodic. and

( Il.fJx(t)-I.fJ,(t+afl)1 dt=O(n-n)
~.'ant

uniformly in x, where an = J[jn +! + (n + l)r/(1 - r)f -1, then

Ila~ - f(x)11 = O(n-n),

( 1.2)

l"'here a~ = a;,(f; . ) is the Taylor mean of order n of the Fourier series for f
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We require the following lemmas.

LEMMA

(i)

and

2.2 /10/.

I· r'"
(~) <e 111/' A > O. 0 <I <n.

(ii) I(~)"
I p

nr' ) Iexp (-, <Ent".
2(1 - r)'

B conslani. I > O.

LEMMA 2.3 1141.

I
rl I '

..
fJ--- <cl

1
",.

-r
n0< I <2' c conslanl .

Proof of Ihe Theorem. Using the Taylor transform of lSI, .. Sf. we have

a;; - J(x)

1 l··a" '. .h"." ~ 1fJ,(I) (1- r)"OI \ (. I') I= - I -+-1 + I -- -- sin I' n + '2- .. r + (n -+- 1) &\' dl
n." 0a ·'h . I P

/I n SIn-
2

= I) I + IJ 2 + 1/,.
. .1 1 + IX 0 • I
say. where h" = a" for -- ~ fJ <-.

3 + IX 2

Now, since II - rl <p and isin (//2)1 ~ (t/n). then using Lemma 2.3 we have

, / .a" 1\0Ani \ ( I .) ,(, rl I
ilJl:~f --I n+- I+(n,l) cl t---.)\ dl .

. 0 I 2 I I

Also. since [' <I. then

(Ill

IIJII<C'nj ilfJx(t)ldl
'0

= C"n(a:,' ")

= O(n''').

We next consider

1/, = ~ I" IfJJ/) ('~)'" I sin \ (n + ~) It (n + 1) (J dl.
n 'h . I P I \ 2

"SIn-
2
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By Lemma 2.2, (I ~ rip)" ~ e AnI', 0 ~ t ~ n, SO that

~ b;, 'el(lI+ 'Ih;, r~ Icp,(t)j dt
.()

35

A I constant.

for fJ < t·
Finally. we study 12 by writing

1 .h n cp (t) ( 1 - r ) 11 + , \ ( 1 '.
/72 = ~ I _X_ -- sin I 11 +~) t +(11 +I) (J dt

7['0 . t P . 2
n sm ~

2

2·h
n rp (t) . . \ (. 1 ) I

=~I _o_'_e- lIrh2(I-r)·sin· II+~ t+(I1+ 1)(J· dt
7['on t I. 2. \

+~ (" CPx(t) [_1_ (~~')"1 I
7[ "11 • t P.

" Sln~

2

~_1_e-lIrl'/2(1 rI']sin \ (n+~) t+(I1+ 1)(J1 dt
t I 2 \
2

Now we have

.h" 2 1 (. 1 -p r.) 11 . ,+ I Irpx(t)j ~--- dt
• 11 t. t

" sm~

2
= I', + 1'2'

say, where by Lemma 2.2

I v, I ~ 2 (, I rpAt)! B(II + 1) t 4 dt•
.' all t

= 0(11 ").
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Also,
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.hfl

Iv 2 1~ C' I t lipAt)\ dt
. (},/

Finally, we write

= O(n fl)

ilil 'oj

by hypothesis,

2 I hn qJ,(t) . '1( I ~ ). ,( I n + 1 )
1'1 =- --e IIlh" -r.~ Sill n+-+--· r tdt

'[["a" t 2 I-r

+ 2 \,n"ip.Jt) -"rl'/1(l rl'- --e
'[[ C a" t

( I n+1 ) I- sin n +- +-- . r t dt
, 2 l--r .

where

2 ,b" IqJ (t)1 I rt I
IX21~-1 -'-(n+l) B--- dt

7[ • a" t I - r

2e· n" lip (t)1
~-I _x_ (n + I) {"' dt, by Lemma 2.3,

7[ • (In t

= O(n ()), by hypothesis.

and since

\ ,I n + 1 I I
a ='[[n-t--+--,r

11 I 2 1 - r \

then

. ( I 11+1 )X Sin n + - +-- ,r t dt.
. 2 1- r



APPROXIMATION BY EULER AND TAYLOR MEANS

Taking the average, we have that

_ 1 I-b" rp,.(t) - rp."(t +an) ("1(1 ri' . ( I )Xl - - ' , e - nr ~!. - C Sin a - nt dt
n 'a" t

+~("rpx(t+an) le- nn '/2(I-r)'

7T~'lln t

- e-nrlt+a"i2/2(I-ri' I sin(a,,-I nt) dt

by the same method as used in Part 1. Hence

XI = O(n a)

and thus

37

3. Remarks: (1) We believe that O(n- a
) is the optimal order and that

Taylor means are saturated with order O(n -a). Also, for a = 1, the order of
error is believed to be 0 pog nina}.

(2) Large "0" of the theorem may again be replaced by small "0," if in
the hypotheses of the theorem we replace large "0" by small "0" and Lip a
by lip a (the set of functions f satisfying If(x+h)-f(x)l=o(lhl a

),

uniformly in x).
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